It is shown that under mild conditions, Benjamini-Schramm convergence of lattices in locally compact groups is equivalent to spectral convergence. Next both notions are extended to the relative case and are then expressed in terms of relative L 2 -theory.
Introduction
The notion of Benjamini-Schramm convergence (BS-convergence) of graphs [3] can be extended to measured proper metric spaces. Roughly, a sequence (X n ) of such spaces converges to X, if for any R > 0 the probability of a ball in X n of radius R being isomorphic with a ball in X converges to 1 as n → ∞.
In the paper [1] , BS-convergence is used in the context of locally symmetric Riemannian manifolds. Among other things, it is shown that the normalised spectral measures of a uniformly discrete sequence (Γ n ) of lattices in a connected semisimple Lie group G without center, weakly converges to the Plancherel measure, if the sequence of Riemannian manifolds Γ n \G/K is BS-convergent to the symmetric space G/K, where K is a maximal compact subgroup of G.
In the present paper, we define BS-convergence for sequences of discrete subgroups of arbitrary locally compact groups. We show that in the special case of semisimple Lie groups the new notion of BS-convergence coincides with the notion in [1] . We then show that in this generalized setting BS-convergence, together with uniform discreteness implies spectral convergence. We also get a converse assertion, saying that if a sequence of subgroups satisfies spectral convergence, it is BS-convergent.
We further generalize both notions to the relative case, i.e., the case when all groups Γ n have a common non-trivial normal subgroup Γ ∞ . We finally express these notions in terms of L 2 -theory and in the last section we compute the limit measure in a concrete example.
Plancherel sequences
Throughout the paper, G will denote a locally compact group. We once and for all fix a Haar measure dx on G.
In this paper, we will assume that G contains a discrete subgroup Γ such that the quotient Γ\G is compact. It then follows that G is unimodular and that Γ\G carries a non-trivial G-invariant Radon measure, which ist finite, i.e., the group Γ is a lattice. We then write µ Γ\G for the unique invariant Radon measure which is the quotient of the Haar measure on G and the counting measure on Γ., i.e., the unique measure which satisfies
As µ Γ\G is derived from the Haar measure in this way, it causes no confusion when we write dx instead.
Let Γ be a cocompact lattice. Then G acts on L 2 (Γ\G) by right translations. As Γ\G is compact, the unitary G-representation on L 2 (Γ\G) decomposes as a discrete sum
with finite multiplicities N Γ (π) ∈ N 0 . Definition 1.1. We say that
is the spectral measure attached to Γ. Definition 1.2. Let (Γ n ) be a sequence of cocompact lattices in G. Let C ∞ c (G) denote the space of test functions as defined in [5] or [8] . We say that the sequence is a Plancherel sequence, if for every f ∈ C ∞ c (G) we have
as n → ∞, wheref (π) = tr π( f ).
If the group G is type I, then 
for every open set U ⊂ G, which is µ Pl -regular and relatively compact. This follows from the density principle of Sauvageot [11] .
Example 1.4. Except for trivial examples like finite groups, for a sequence to be Plancherel, it will be necessary that vol(G/H n ) tends to infinity. This is not sufficient, though, as we see by the example of G = R 2 and
Another example of this can be constructed in the group G = SL 2 (R), where one chooses Γ n in the Teichmueller space such that the hyperbolic manifold Γ n \H has a very short closed geodesic, but big volume.
Generalized Benjamini-Schramm convergence
For any subset S ⊂ G we write S ⋆ for the set S {1}.
Definition 2.1. We say that a sequence (Γ n ) of lattices in G is BenjaminiSchramm convergent or BS-convergent to {1}, if for every compact set C ⊂ G the sequence
⋆ n x ∩ C ∅ tends to zero, where P Γ n \G is the normalised invariant volume on Γ n \G.
Next we check the compatibility of this definition with the definition of BS-convergence in [1] . Consider the special case of G being a connected centerless semisimple Lie group. Fix a maximal compact subgroup K and consider the symmetric space X = G/K. In [1] a sequence (Γ n ) of lattices is said to be Benjamini-Schramm convergent or BS-convergent to X if for every Proof. Suppose that (Γ n ) is BS-convergent to {1} and let R > 0. Let B R be the closed ball around eK of radius R and let U R ⊂ G be its preimage under
So InjRad(xK) ≤ R if and only if
Since
R is compact, it follows that Γ n \X is BS-convergent to X. For the converse note that for every compact set
In [1] it is shown, that a sequence of cocompact lattices (Γ n ) in a semisimple Lie group G is Plancherel, if it is uniformly discrete and Γ n \G/K is Benjamini-Schramm convergent to G/K. We shall generalize this result to arbitrary locally compact groups and we shall also prove a converse direction. Definition 2.3. The sequence (Γ n ) is called uniformly discrete, if there exists a unit-neighborhood U such that x −1 Γ n x ∩ U = {1} holds for every n and every x ∈ G. Theorem 2.4. Let (Γ n ) be a sequence of cocompact lattices which is uniformly discrete. Then the following are equivalent:
The implication (b)⇒(a) even holds for any sequence of cocompact lattices, i.e., without the assumption of (Γ n ) being uniformly discrete.
Proof. We first show a lemma which is of independent interest. Lemma 2.5. Let (Γ n ) be a sequence of cocompact lattices which is uniformly discrete. Then for any compact set C ⊂ G there exists a bound r ∈ N such that
Proof. Let ∅ C ⊂ G be compact and let U be a relatively compact, open unit-neighborhood such that
As C is compact, there are x 1 , . . . , x r ∈ G such that
Every group of the form x −1 Γ n x intersects each x i V in at most one element, hence intersects C in at most r elements. Now for the proof of (a)⇒(b): Let f ∈ C ∞ c (G), let C = supp( f ) and let r ∈ N be as in the lemma.
We have to show that the expression
tends to zero as n → ∞. We recall the trace formula [7] .
is trace class and has the trace
where Γ γ and G γ are the centralizers of γ in Γ and G respectively. The notation O γ ( f ) denotes the orbital integral
The trace formula implies that
This tends to zero by assumption.
Corollary 2.7. (a) A given sequence (Γ n ) of cocompact lattices is Plancherel if and only if for every compact set C ⊂ G the sequence
tends to zero as n → ∞.
(b) A given sequence (Γ n ) of cocompact lattices is BS convergent to {1} if and only if for every compact set C ⊂ G the sequence
Proof. Clear from the proof of the proposition.
Example 2.8. To round things up, we give an example of a sequence (Γ n ) of cocompact lattices, which is Plancherel, but not uniformly discrete.
The group G will be PSL 2 (R), which we view as the group of orientationpreserving isometries of the hyperbolic plane H. For given n ∈ N fix a compact hyperbolic surface Γ\H whose shortest closed geodesic c 1 has length < 1 n . Let γ 1 ∈ Γ be an element in the homotopy class of c 1 , i.e., the deck transformation γ 1 closes the geodesic c 1 . Then there are γ 2 , γ 3 , . . . , γ 2g ∈ Γ, where g is the genus, such that Γ is generated by γ 1 , . . . , γ 2g with the only relation 
Setting Γ n to be equal to this Γ(N) gives the desired example.
3 The relative case and L 2 -theory Definition 3.1. We now consider the following situation: (Γ n ) n∈N is a sequence of cocompact discrete subgroups of a locally compact group G, and Γ ∞ is a common normal subgroup, i.e., Γ ∞ ⊳ Γ n for every n.
We say that the sequence (Γ n ) Plancherel converges to Γ ∞ , written Γ n Pl −→ Γ ∞ , if for every compact set C ⊂ G the sequence
We say that the sequence (Γ n ) Benjamini-Schramm converges to Γ ∞ , written
In the special case Γ ∞ = {1}, these notions coincide with the notion of the previous section.
Theorem 3.2. Let (Γ n ) be a sequence of cocompact lattices which is uniformly discrete. Let Γ ∞ be a common normal subgroup. Then the following are equivalent:
(a) (Γ n ) is BS-convergent to Γ ∞ . (b) (Γ n ) is Plancherel convergent to Γ ∞ .
The implication (b)⇒(a) even holds for any sequence of cocompact lattices, i.e.,
without the assumption of (Γ n ) being uniformly discrete.
Proof. (a)⇒(b): Given a compact C ⊂ G, by Lemma 2.5 there exists r
holds for all x ∈ G and all n ∈ N. Therefore
which implies the claim. The converse direction is trivial.
Example 3.3.
As an example consider the case G = PSL 2 (R) and let Γ ⊂ G be a cocompact, torsion free, discrete subgroup. Let g ≥ 2 be the genus of the Riemann surface Γ\H, where H is the upper half plane, which can be identified with G/K, where K = PSO(2). Then the greatest abelian quotient Γ ab of Γ is isomorphic with H 1 (Γ) Z 2g . Let χ : Γ ։ Z 2g ։ A be a surjective homomorphism to some infinite, torsion-free, abelian group A. For any n ∈ N let Γ n = χ −1 (nA).
Then the sequence (Γ n ) is uniformy discrete and converges, in the sense of the proposition, to Γ ∞ = ker(χ).
Definition 3.4.
For a discrete subgroup Γ ⊂ G a fundamental set is a measurable set F of representatives for Γ\G such that F ⊂F = F and the boundary ∂F = F F has measure zero. Using structure theory of locally compact groups one sees that fundamental sets always exist.
For each n, fix a fundamental set
. Fix a set V n ⊂ Γ n of representatives for Γ n /Γ ∞ , then F ∞ = v∈V n vF n is a fundamental set for Γ ∞ and so we get an isomorphism
As Γ ∞ is normal in Γ n , the left translation yields a representation of
Let A n ⊂ B L 2 (Γ ∞ \G) be the von Neumann algebra defined as the commutant of this action, i.e., A n = L(Γ n /Γ ∞ )
• .
Lemma 3.5. In the above isomorphism
Ψ : L 2 (Γ ∞ \G) → L 2 (Γ n \G) ⊗ ℓ 2 (Γ n /Γ ∞ ) the
representation L transforms to the left translation action on the factor
Proof. This is standard, but we include a proof for the convenience of the reader. We need to make explicit the isomorphism above. For this note that for every x ∈ G there exists a unique σ n,x ∈ Γ n such that σ n,x x ∈ F n . Note that the map G → F n , x → σ n,x x is Γ n -invariant. We have
where φ v (x) = φ(vσ n,x x) for x ∈ G and δ v (γΓ ∞ ) = 1 if γΓ ∞ = vΓ ∞ and zero otherwise. As φ is left invariant under Γ ∞ , the function φ v does not depend on the choice or v, i.e., the choice of V n . Hence we can write
and (
The lemma implies that
where VN(Γ n /Γ ∞ ) is the group von Neumann algebra of Γ n /Γ ∞ , which is defined as the commutant of the left translation on ℓ 2 (Γ n /Γ ∞ ) and is generated by right translations
where e is the neutral element of the group Γ n /Γ ∞ . Then τ n is a finite trace
where the sum runs over the Γ n conjugacy classes
If there exists a lattice Γ such that every Γ n is a normal subgroup of Γ, then the expression tr
As the trace of an integral operator on L 2 (Γ n \G) is given by the integral over the diagonal of the kernel [7] , we get
Now assume all Γ n are normal in some Γ. Then 
The same computation as in the proof of Lemma 3.6 shows that this equals
Form here the claim is clear. 
as n → ∞.
Proof. Clear from Lemma 3.6 and Proposition 3.7.
Suppose now that G is second countable and type I. Then G acts on L 2 (Γ ∞ \G) and this action defines a unitary representation of G. Theorem 8.6.6 of [9] says that there are mutually singular measures µ Γ ∞ ,1 , µ Γ ∞ ,2 , . . . and µ Γ ∞ ,∞ on the unitary dual G such that
where ℓ 2 (∞) = ℓ 2 (N) and the hats over the sum and the product refer to the Hilbert space completions. The measures µ j are unique up to equivalence.
In order to make them unique, we write H(µ j ) for the Hilbert space of L 2 -sections of the canonical Hilbert bundle over supp(µ j ) and insist that for every φ ∈ L 2 (Γ ∞ \G) one has
, where φ = j φ j is the above decomposition.
Definition 3.9. We say that
is the spectral measure attached to H. Note that µ {1} is in general different from the Plancherel measure of G, as the latter neglects multiplicities.
Let A be the von Neumann algebra acting on L 2 (Γ ∞ \G) defined as the commutant of the left translation action of
is defined on A. Let B ⊂ A be the von Neumann subalgebra acting on L 2 (Γ ∞ \G) which is generated by the right translation action R(G) of G. Then B respects the direct integral decomposition of L 2 (Γ ∞ \G) and there exist traces
In the next section we shall compute the measure µ Γ ∞ , j in a special case.
An example of a thin group
Let Γ ⊂ G = PSL 2 (R) be a torsion-free, cocompact lattice. Let χ : Γ → Z be a surjectibe group homomorphism. For n ∈ N let
and set Γ ∞ = ker(χ). Then Γ ∞ is a discrete subgroup which is not a lattice, but still Zariski dense in G, i.e., a so called thin group [4] .
Let γ 0 ∈ Γ be an element with χ(γ 0 ) = 1, then Γ is generated by Γ ∞ together with γ 0 .
For each λ ∈ T = {z ∈ C : |z| = 1} let χ λ denote the group homomorphism Γ → T given by χ λ (Γ ∞ ) = 1 and χ λ (γ 0 ) = λ. Let L 2 (Γ\G, χ λ ) denote the space of all measurable functions (modulo nullfunctions) f : G → C which satisfy
Let R λ denote the unitary representation of G given by right translation on the Hilbert space L 2 (Γ\G, χ λ ). For any given f ∈ C ∞ c (G) the operator R λ ( f ) is trace class [7] and one has
This is a finite sum of the form N j=−N c l λ n for some coefficients c l independent of λ. Therefore the family (R λ ) λ∈T depends analytically on λ in the sense that there is maps π 1 , π 2 , . . . from T to G with the property that for each j the set of K-types of π j (λ) does not depend on λ and the Casimir eigenvalue π j (λ)(Ω) depends on λ as an analytic function. In particular, the family (L 2 (Γ\G, χ λ )) λ∈T forms a Hilbert-bundle and one thus gets a unitary representation R T of G on the section space Proof. We define a map Φ :
Then f = Φ(s) is Γ ∞ left-invariant and the so defined map Φ is G-equivariant. We show that Φ is an isometry. Fixing a fundamental set F for Γ we compute
where in the last line we have used the Plancherel formula for the circle group T.
Finally we need to show that Φ is surjective. We can prescribe s λ to be λ-independent on F . Then we get 0 = F f (x)s(x) dx.
